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Abstract
In this note we study some properties of the spectrum of a connected graph G with four different eigenvalues, and (spectrally
maximum) diameter three. When G is regular, this is the case, for instance, when G is a distance-regular graph.
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1. Introduction
In this paper we always suppose that the graphs considered are connected. As is well known, graphs with small
number, say d + 1, of different eigenvalues have a rich combinatorial structure. Thus, the case d = 1 corresponds
to the complete graphs; and when the graphs are regular and d = 2 we have the strongly regular graphs (see [1,10])
(that is, they are distance-regular graphs with diameter D = 2). Unfortunately, the result does not hold in general,
and not every regular graph with d + 14 different eigenvalues is distance regular, although a characterization in-
volving only the spectrum and the number of vertices at distance d were given by the authors [9] (see also [8]).
Even so, regular graphs with four eigenvalues (d = 3) still have some interesting combinatorial properties, as was
ﬁrst shown by Van Dam in [4]. For instance, this author derived some interesting properties of the eigenvalues.
Moreover, he showed that such graphs are walk-regular (see [10,12]) and, from this, he derived some feasibil-
ity conditions for the possible spectra, giving also some constructions. From these results, Van Dam and Spence
[5] were able to generate a complete list of the feasible spectra for all possible such graphs with at most 30 ver-
tices, and gave constructions, or showed the nonexistence, for most of them. In this paper we give some further
properties for the eigenvalues of graphs with four distinct eigenvalues, dealing also with the non-regular case, im-
posing the additional condition that they have spectrally maximum diameter D = 3 (recall that, in general, Dd;
see, e.g., [1]).
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2. The regular case
LetG=(V ,E) be a regular graph on n vertices, and suppose that its adjacencymatrixA has four different eigenvalues:
spG := spA= {m00 , m11 , m22 , m33 }. (1)
As iswell known, the eigenvaluemultiplicitiesmi , 1 i3, are determined by the set of eigenvalues evG={0 > 1 > 2
> 3} through the formulas
m0 = 1,
m1 = 0 + 23
(1 − 2)(1 − 3) n −
0
1
, (2)
m2 = − 0 + 13
(1 − 2)(2 − 3) n +
0
2
, (3)
m3 = 0 + 12
(1 − 3)(2 − 3) n −
0
3
, (4)
where i :=∏3j=0(j =i)|i −j |. This result is due to the fact that, since G is connected and regular, its degree coincides
with 0, m0 = 1, and we have the system
3∑
i=0
mi = n,
3∑
i=0
mii = 0,
3∑
i=0
mi
2
i = n0. (5)
As an immediate consequence of the above expressions (2)–(4) for the multiplicities, we obtain the following:
Lemma 1. Let G be a graph as above. Then,
m11 − m33 = n0(1 − 3)(−2 − 1).
In particular, we have the equality m11 = m33 if and only if 2 = −1.
In fact, it is known that if G is a distance-regular graph with four eigenvalues (or diameter three) and 2 = −1, then
it is “strongly distance regular”. This means that its 3-distance graph G3—where two vertices are adjacent whenever
they are at distance 3 in G—is strongly regular; see [2,7].
Let A be a real symmetric (n × n)-matrix with eigenvalues 12 · · · n, and denote by n+ (respectively, n−)
the number of nonnegative (respectively, nonpositive) eigenvalues. Then, using the interlacing theorem (see e.g. [11])
we have that, if B is a zero principal (r × r)-submatrix of A, then
r min{n+, n−}. (6)
If A is the adjacency matrix of a graph G, (6) gives an upper bound for its independence number (G) (which is the
maximum number of independent vertices in G). This result is due to Cvetkovic´ [3]. (For a discussion of this and other
interesting applications of interlacing, we refer the reader to Haemers [11].)
Let G = (V ,E) be a (connected) regular graph with diameter three and spectrum as in (1). Observe that, since
(G)> 1, Cvetkovic´’s bound ensures that 10 (otherwise, n+ = m0 = 1). For any given  ∈ R, we deﬁne the
polynomial p := x2 + x − 0 and its corresponding matrix A := p(A). Then, if u1, u2, . . . , ur is a maximal set
of vertices which are mutually at distance three in G, their corresponding matrix B is null, and hence (6) applies with
n+ = n+ and n− = n− being the numbers of nonnegative and nonpositive eigenvalues of A, respectively.
First, note that 1 > 0. Indeed, if 1 = 0, the polynomial p with > 0 − 1 satisﬁes
p(1) = p(0) = −0 < 0,
p(−0) = 0(0 −  − 1)< 0,
whence 0 is the only eigenvalue ofA atwhichp is nonnegative (recall that always−03), yielding the contradiction
2rn+ 1.
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Assume now that 0 + 13 > 0. Then, choose a  ∈ R satisfying
0> >
1
13
(1 − 3)(0 + 13) (7)
and set  := (0 − 21)/1 + . Thus, we have
p(1) = 21 + 1 − 0 = 1 < 0,
p(3) = 23 + 3 − 0 = 23 +
03 − 213
1
+ 3 − 0
= − 1
1
(1 − 3)(0 + 13) + 3 < 0.
Then, necessarily p(2)< 0, and again we get the contradiction 2rn+ 1. Therefore, we must have
0 + 130 (8)
and, in particular,
m2
0
2
(or m00m22).
Note that (8) can be written also as 1 − 0/3(1) or, equivalently, 3 − 0/1.
Moreover, (2) and (4) imply that 0 + 23 > 0 and 0 + 12 > 0, respectively. Putting all together, we then obtain
the following result:
Proposition 2. Let G be a regular graph with diameter three and four distinct eigenvalues 0 > 1 > 2 > 3. Then,
the following inequalities hold:
3
(∗)
 −0
1
< 2 < − 0
3
(∗∗)
 1 < 0. (9)
Note that equality in (*) or (**) is equivalent to m2 = 0/2. Two other straightforward consequences of the above
result are the following:
Corollary 3. Let G be a regular graph with diameter D and four distinct eigenvalues 0 > 1 > 2 > 3. Then,
(a) If D = 3 and 1 = 1, then G is bipartite;
(b) If 0 + 13 > 0, then D = 2.
The proof of case (a) is based on the fact that such a graph is bipartite if and only if 3 = −0 (see e.g. [1]).
By way of example, one of the twenty open cases listed in [5] (as the feasible spectra of graphs with four eigenvalues
and at most 30 vertices) is a possible graph G with n = 24 vertices and spectrum spG = {111, 37,−18,−38}. Then,
since 0 + 13 = 2, such a graph (if exists) must have diameter D = 2.
3. The general case
Similar results can be derived for general (i.e., not necessarily regular) graphs with four eigenvalues and diameter
three. However, in this case some more information about the structure of the graph is needed. Thus, the system
determining the multiplicities is
3∑
i=0
mi = n,
3∑
i=0
mii = 0,
3∑
i=0
mi
2
i = n, (10)
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where  is the mean of the vertex degrees of G; that is,  := (1/n)∑ni=1 i . (It is known that this average always satisfy
0, with equality if and only if G is regular; see, e.g. [11].) Then, the formulas for the multiplicities are now
m0 = 1,
m1 =  + 23
(1 − 2)(1 − 3) n −
0
1
, (11)
m2 = −  + 13
(1 − 2)(2 − 3) n +
0
2
, (12)
m3 =  + 12
(1 − 3)(2 − 3) n −
0
3
, (13)
with the i’s deﬁned as above. Thus, from (11) and (13) we get again some lower and upper bounds for 2
− 
1
< 2 <

−3 . (14)
To obtain a result similar to (9) we suppose that the graph G has two vertices with equal degree, say , at distance
three, and consider the polynomial p := x2 + x − . Then, for any  ∈ R, the matrixA =p(A) has a null principal
(2 × 2)-submatrix (corresponding to such vertices) and we can reason as above to conclude that 1 > 0 and
 + 130. (15)
(Use > 0 − /0 in the ﬁrst case and  = ( − 21)/1 + —with  satisfying (7) where 0 has been replaced by
—in the second one.) In particular, if both vertices at distance three have maximum degree, =, we have  and
(12) and (15) yield, as before, m20/2. In this case, we can also combine (14) and (15) to obtain the analogue of
Proposition 2 and its consequences:
Proposition 4. Let G be a graph with four distinct eigenvalues, 0 > 1 > 2 > 3, with two vertices of maximum
degree  at distance three. Then,
3 − 
1
< 2 < − 
3
1 < 0.
Corollary 5. Let G be a graph as above. Then,
(a) If  = |13|, then m2 = 0/2;
(b) If 1 = 1, then G is bipartite.
With respect to case (b),Van Dam and Spence [6] studied also general graphs with four eigenvalues and, in particular,
classiﬁed all such graphs with 1 = 1.
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